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Pandiagonal Magic Squares of Order Four:

Before: 3 x 16 =48
Now: 1 x3x16=48

Pandiagonal Magic Squares of Order Five:

Before: 144 x 25 =3600
Now: 1 x9x16x25=3600
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“What makes me tick is an aesthetic sense of order, of essential simplicity behind the
apparent complexity. As an artist, it is possible to create exuberant and unique objects from a
small and limited set of elements and rules; as a scientist, it is a challenge to discover a
simple explanation for complex behavior, a general causal structure for a series of related
but unique events. In this view, science and art are both aesthetic activities: only the direction

of the approach differs.”
Lionel March (1972)
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Fundamental Solution in Pandiagonal
Magic Squares of Order Four and Five

General Pico — La Pampa — Argentina
miguel.amel@gmail.com

Introduction

In 1998, I learned the concept of fundamental solutions of magic squares in the web page of
Mutsumi Suzuki about the 220 fundamental solutions of the 880 magic squares of order four;
but I don't remember to have read a specific definition for that concept.

Applying a definition of compactness in magic squares of order five, the result was the well
known 3600 pandiagonal magic squares and my investigation about the symmetry operations
on this kind of magic squares; it returned me to the concept of fundamental solutions and the
necessity of a definition.

Symmetry Operations on Magic Squares

A commutative operation on the entries of a magic square of order n it is a symmetry
operation if the condition of magic square remains invariant; for example:

1(1z] 8 |13| +s—+—+ [13| 5|12 1 1|12| 5 (13| ¢« +—+ + | 1[5 (12|13

6 [15] 3 |10| +—*—¥+ [10| 3 |15| & B |15] 3 |10 + « 111 (14( 2|7

11| 2 (14| 7| #—2——+ |7 (1] 2 (11 11 2 (14| 7 l >< l = 15(10

6|5 (94| ¢#—2—t—~+ |2 (2] 5|16 6|5 (942 ¢+ +—+ + (16| 9| 5|4
A operation e B o operation o C

The squares B and C are magic squares ; B=Aand C#A

If the magic square has some additional condition, the commutative operation on the entries it
is a symmetry operation if the additional condition also remains invariant. In this paper, are of
interest the symmetry operations of the type d (the resulting square of the symmetry operation
it is different of the transformed square).-

Fundamental Solutions of Magic Squares

The fundamental solutions of magic squares of order n, or of a special kind of that order; it is
the smallest set of solutions of the which it is possible to obtain the total of solutions for that
order or kind by means of applicable symmetry operations on all solutions of that order or
kind.-
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Pandiagonal Magic Squares of Order Four

Is well known that of the 880 magic squares of order four with the arithmetic progression of 1
to 16; 48 squares they are pandiagonal. The references about the number of fundamental
solutions of these 48 pandiagonal squares, they deduce 3 squares.

Why 3 2

Because is well known the symmetry operation of a pandiagonal magic square in other
pandiagonal magic squares by rows and columns transposition. With this type of operation, of
1 pandiagonal magic square of order four are obtained other 15 pandiagonal magic squares
making a total of 16 squares, thus 3 = 48/16. In other words, with 3 pandiagonal magic
squares than it is necessary to determine them, are obtained the other 45 pandiagonal squares.

¢ But, is the rows and columns transposition the only applicable symmetry operation on all
solutions for to obtain other pandiagonal magic squares of order four ?

The answer: Not

In the pandiagonal magic squares of order four I identify at least 8 symmetry operations:

#*, - * - #* - * &+ #* &+ # -+ ] & #* -+
| ! P
# & # L ¥*, & # & * & ¥*, &+ L # &+ e
* - #*, -4 #* - * - #* -+ #* - * * L
7 ] ) ]
# & # -3 * & #* & * &+ * &+ L # * &+
operation 1 operation 2 operation 3 operation 4

* * L - ﬁ. * * * * *
o % * * Lo * * * * #*
o] * * * * [~

* * L * * 1

operation 5 operation 6 operation 7 operation &

In the context of this paper the operation 8 is the rows and columns transposition, applied
in the second step of the procedure. The operation 7 is a common operation on all magic
squares of order four and is equivalent at operations of transposition of rows and columns.-

Procedure

1) Of'the operations 1 to 6 can be chosen any of the following pairs of operations: 1-2;
1-3; 1-4; 1-5; 2-6; 3-6; 4-6 and 5-6; and to apply them on any of the
48 pandiagonal magic squares; for example:

1|12(153| 8| = =+ + » [7[12|15] 2 1(12|15| &8 = +# =+ = |1 (15(10| 5

47 2|11 ¢\\¢ ¢/¢ 411|511 14| 7| 2|11 ¢ J» +) & (14| 4|5 |11

4|19 |16|5| + » =+ =+ [4|15|10| 5 (9 )1a|5 | « + =+ 4+ [7|3[15] 2

1516 | 3 |10 ¢/¢ ¢\¢ 6|3 |1a 15| 6|3 (10 ¢« =+ =+ & (12|86 |3 |13
¥ operation 1 B A operation 3 c

Remark: the pairs of operations 1-6; 2-3; 2-4; 2-5; 3-4; 3-5and 4-5 are not
consistent with the second step of the procedure.-
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None of the above three squares can be obtained of any of the other two squares by the
operation 8 (rows and columns transposition), then:

2) Applying the operation 8 on the squares A, B and C the 48 pandiagonal magic squares
of order four are obtained.-

“As the squares B and C are obtained by symmetry operations on the square A; this shows
that the number of fundamental solutions is 1 square” .-

The 48 Pandiagonal Magic Squares of Order Four

Fundamental Soluntion

F:1

1|12(13| &

14|72 |11

4|9 (1|5

15( 6| 3 (10
nperatiunllz |\|uperatiun3
712 (13 2 1|15(10] 5
141 (5|11 14| 4 (5|11
15(10| 5 7|19 (1a| 2
63 (16 12| 6 | 3|13

B c

Operation 8 on A, B y C

112|113 5 12|13 8|1 13151 |12 g1 (1213
14| 7| 2 |11 T2 11|14 2111147 111147 | 2
49|15 5 S(1e|l 5|4 12|54 |2 514|914
15|16 |3 |10 g3 |10|15 J|1015| & 1015 a |3

14| 7| 2 |11 TlE 1114 (11147 111147 | 2

1516 |3 |10 &3 |10|15 31015 & 1015|183

1516 | 3 |10 &3 |10|15 1015 & 10156 | 3

14|72 |11 T2 1114 2111147 11147 | 2

1516 | 3|10 &3 |10|15 31015 & 100158 | 3

14|72 |11 T2 1114 2111147 11147 | 2




T12(13) 2 12113 2|7 13127 |12 a7 [12]13
1411|511 1 (51114 g(11(14|1 11141 | 5

15110 5 15110 5 1| 5 15 5 15|10

B (3|18 g (3|18 3|1e & 1a a3

B

1411|511 1 (51114 g(11(14|1 11141 | 5
4 (15(10] 5 15)110( 5 | 4 1| 5 15 5 15|10

g (3|18 g (3|18 3|18 & 1a 63
Tl2|13) 2 21132 |7 13| 2 12 Z 1213

15)10( 5 15)10( 5 o) 5 15 o 15|10

g (3|18 g (3|18 3|18 & 1a 63
Tl2|13) 2 21132 |7 13| 2 12 Z 1213
1411|811 1 (51114 gl11(14|1 11141 | &

g (3|18 g (3|18 3|18 & 1a 63

12113 £ 12113 £ 13| 2 12 Z 1213
1411|811 1 (51114 gl11(14|1 11141 | &
4 (15(10] 5 15)10( 5 | 4 )54 |15 S|4 |15]10
1(15|10| &5 15)j10)1 8|1 o) s|1 |15 g (115|100
4|4 |5 |11 451114 501114 1114 5
T9|1e) 2 la) 2|7 e 2|7 27 1a
12 3 (13 31312 313|112 13|12 3

C

14 511 S111)14 501114 111|144 | 5
7 la| 2 la) 2|7 e 2|7 27 16
12 3 (13 31312 313|112 13|12 3
1(15|10| & 15)j10)1 8|1 o) s|1 |15 g (11510
Tl9|1e| 2 Sllel 2|7 ;| 2|79 27| 9|18
12 3 (13 31312 313|112 13|12 3
1(15|10| & 15)j10)1 8|1 o) s|1 |15 g(1]|15|10
4|4 |5 |11 451114 S111)14| 4 11|14|4 | 5
1216 | 3|13 a3 (13|12 F|15|12] 6 13|12) 6 | 3
1(15|10| & 15|10 8|1 no s 115 g (11510
14 511 5 (1114 S111)14 111|144 | 5
7 la| 2 la| 2|7 la) 2|7 27 16




Closing the Triangle

In the previous procedure we have:

A
uperatiun/ \‘peratiun v
B c

¢ Is possible to close the triangle by means of a symmetry operation z ? :
a

uperatiun/ \‘peratiun v

B ——

operation =

Sure, the existence of the operation z confers consistency to the procedure:

o

1|12(13| &

14|72 |11

4|9 (1la| 5

15( 6| 3 (10
operation 1IZ| NuperatiunS
712 (13| 2 L T 1|15(10]| &
41 (5|11 (jijilt) 14| 4 (5|11
415105{-}*****{-}?9162
6316 ¢/I¢ ¢R\‘¢ 12| &6 [ 3|13

B operation = C

The operation z is commutative if the entries displacement is inverted (¥ 1< ).-
¢ This operation z between the squares B and C, is an exclusive operation among them ?

Not, in any of their four orientations can be applied on any of the 48 pandiagonal magic
squares. If the entries displacement is not inverted, the triangle closure can be simplified /// :

Three squares and one symmetry operation
o ow o _a 1 (12|13 & w8 &
¥_e e W 49|15 5 N
F ¢\¢ 15 a6 | 3 |10 ¢/¢ ¢\¢

15|10 5

/ AN

s La)|eh & 14
— —t
* 12115( 2

1|15|10| 3 /,¢¢R\ 7
L S S9le|3|le

12 6 | 3 |13

&
&
=y

79 |1a| 2
14|14 |5 |11

-

None of the above three squares can be obtained of any of the other two by rows and columns
transposition, then the 48 squares also can be obtained with them.-

Although this type of symmetry operation by entries displacement is logical, it seem not to
have been treated in the literature about magic squares.-
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Pandiagonal Magic Squares of Order Five

Is well known that of the 275305224 magic squares of order five with the arithmetic
progression of 1 to 25; 3600 squares they are pandiagonal. In general, the references about the
number of fundamental solutions of these 3600 pandiagonal magic squares, they deduce 144
squares but Benson & Jacoby (1976) deduced 36 squares and 1 “intermediate square” (an
algebraic structure). As 28800 variations of this algebraic structure are possible (this include
rotations and reflections), all squares can be built with the “intermediate square” (28800/8 =
3600). This information is compiled with detail in the web page of Harvey Heinz ... look it ///

Why 144 ?

The same that in the pandiagonal magic squares of order four, because is well known the
symmetry operation of a pandiagonal magic square in other pandiagonal magic squares by
rows and columns transposition. With this type of operation, of 1 pandiagonal magic square
of order five are obtained other 24 pandiagonal magic squares making a total of 25 squares,
thus 144 = 3600/25. In other words with 144 pandiagonal magic squares than is necessary to
determine them, are obtained the other 3456 pandiagonal magic squares.

¢ But, is the rows and columns transposition the only applicable symmetry operation on all
solutions for to obtain other pandiagonal magic squares of order five ?

The answer: Not

The total of applicable symmetry operations on all pandiagonal magic squares of order five it
is unknown, but in the context of this paper is not necessary to know all. Some examples:

- & - . -4 * | & & - * - & #, &+ * - L
‘* WA R ST
el el e | &E‘.‘ ] “* e e [Tod]e LY B
- i X Hl‘i}qfé# }'-{ >|< }‘:
= . [~ [=--.
L . - b - . * -+ # b * - L -4 * #* -+ &+ L *
-] ) |~ -mll"_t , "'H,g'_-‘:l'-. i : \;..'
= -
o * L * - * Ih- _,-:"T-"A %IIW 0-\_,_\_#\_\_&_'_?_,_,_,-# L 4+ * L *
- * 1"# * -4 V"ﬁf j #* 1- * ¢-"/ L \0 * #* | & % *
operation 1 operation 2 operation 3 operation 4
* * - * * * * A * - * * * & * * *
AT il * F
&+ 0.?, -« * - + % & * ___.+ * .? * - rl{# & * - *
PR I s e N AN Y ERE # Y IR
h r 1 ﬁs—""
-« &+ | # - * £ & __d.+ =% 0?2 - * -él * & * - *
Q'Ir * * * H"Q 0;’ + + * - 4; * "; * *
operation 5 operation & operation 7 operation 8

In the context of this paper the operation 8 is the rows and columns transposition, applied
in the third step of the procedure.

¢ Starting from 1 pandiagonal magic square of order five is possible to obtain 144
pandiagonal magic squares of such way that none can be obtained of any of the others by
rows and column transposition ?

To obtain the 144 pandiagonal magic squares, in this paper is developed the following option:
1x9x16=144
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Procedure

1) On any pandiagonal magic square of order five is applied the operation 6 for to
obtain other 8 pandiagonal magic squares as follows:

1 2 3
4 |15|17|23| & S (14175 |21 5 |14|E2|18| &
2218 |1 (1420 TlE3) 11512 17158 |1 |15(24
1119|257 [ 3 11|20) 2 |22 3 1125|197 [ 3
101 2 |13 |16 |24 24| 2 (13 (16 (10 92|13 |21 |20
15|€1| 2
5|12 |12
24151
11|20 22
74|13
15|21 |10
4
5113|117
2219 |1 (1515 22|18 |4 (15(18 2821|1512
1120237 | 4 4 |20)21| 7 | 3 11204 |7 (23
g2 |14|16|25 g2 [15]|19|25 S |22|15 18| 5
19121 )10( 3 (12 13 |24 (10( 1 (12 13| 1 (10(=4 (12
6 T g

None of the 9 squares can be obtained of any of the other 8 squares by rows and columns
transposition.-

2) Applying the operations 1 and 5 as follows on each one of the above 9 squares, the 144
pandiagonal magic squares are obtained. As examples, will be shown the set of symmetry
operations on the squares F and 6:



gZ218 |1 |15(15
11200247 | 3

15|21 (10 4 (12

13|119| 6

q L 0.\_\_111-\-¢ +*
211515 2|9 0;* ¢\° 21(15(17 [ 3 |9
* L R A

17| 4 | 6 25|13

None of the 16 squares can be obtained of any of the other 15 squares by rows and columns
transposition.-

To observe that:
square (1, 1) <> operation 1 <> square (1, 4)
square (1, 1) <> operation 5 <> square (4, 1)

Then the total set can be considered as a torus of matrices and symmetry operations.-
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2219 |1 |15(15
11200237 | 4

1921 (10 3 (12

14|18| &

+ ¢f:’j_,+ e e %
3|7 |14|18|25 */* °\:Hk¢ 392 |12|16|25 21|15|19| 2| 8 ¢k¢
L * * ¢ |17 3|6 |[25|14)« « ¢ + ¢ (19| 3|6 |25/12

None of the 16 squares can be obtained of any of the other 15 squares, nor of the 15 derived
squares of F by rows and columns transposition.-

3) The same that in the pandiagonal magic squares of order four; applying the operation 8
on the 144 squares, the 3600 pandiagonal magic squares of order five are obtained.

“As the 144 squares are obtained by symmetry operations starting from the square F, this
shows that the number of fundamental solutions is 1 square”.-
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The “Intermediate Square”

A+a B+h C+ec D+d E+e

C+d D+e E+a A+h B+c

E+hb A+tc B+d C+e D+a

B+e C+a D+h E+c A+d

D+c E+d Ate B+a C+h

This matrix it is the addition of two Latin Pandiagonal Squares and it is very useful for to
verify if a symmetry operation it is applicable on all solutions.

For example, applying on the “intermediate square” the operation 3:

A+a B+h C+ec D+d E+e

C+d D+e E+a A+b B+c

E+h A+ B+d C+e D+a

B+e C+a D+h E+c A+d

D+c E+d Ate B+a C+h

4 | o]

B
o
,_L

¢/

* | -%

B+a A+hb C+c D+e E+d

C+e D+d E+a B+h A+tc

E+h B+c Ate C+d D+a

A+d C+a D+h E+c B+e

D+c E+e B+d A+a C+h

This matrix it is also the addition of two Latin Pandiagonal Squares, then the operation 3
it is applicable on all solutions (the operation 3 can be applied in their four orientations)
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Conclusion

Whom deduces 3 fundamental solutions for the pandiagonal magic squares of order four and
144 fundamental solutions for the pandiagonal magic squares of order five as the smallest set,
not deduces symmetry operations among them. If 3 x 16 = 48 and 144 x 25 = 3600 (36 x 4 x
25 =3600 Benson & Jacoby) they were explained; 1 x3 x 16 =48 and 1 x 9 x 16 x 25 = 3600
they were not explained. Now the procedure of to obtain all pandiagonal magic squares of
order four and five starting from any pandiagonal magic square is simpler and this paper
explains it.-

Order Four: 1 x 3 x 16

Order Five: 1 x 9 x 16 x 25

They seem two expressions of a sequence, but the pandiagonal magic squares of order
n = 4k + 2 not exist. At the end of this paper a curiosity and nothing else: ; has some meaning
Order Three 1 x 9 ...7 Although non-magic, they are the 9 pandiagonal squares of
order three !!! :

789 56 4 312
123 8 97 6 45
4 56 231 9 7 8
6 45 123 8 97
9 7 8 4 56 231
312 789 56 4
231 978 4 56
56 4 312 789
8 97 6 45 123
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