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Introduction

In 1953, Karnaugh maps are developed at the Harvard Computation Laboratory for the minimization of Boolean algebraic expressions (as an approach to logic circuit synthesis; Ref. 1). For new applications of Karnaugh maps see the Ph.D. thesis of the first author (Ref. 3). Magic squares are known for more than 500 years (Remember that Duerer’s magic square shows the year 1514). Profound mathematical contributions to magic squares however could only be found in the latest history (Ref. 2). In this paper, we proof that 
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-Karnaugh maps can be transformed into magic squares. The idea for a theory of transformations on Karnaugh maps was developed by the second author (Ph.D. advisor of the first). Thus, Boolean algebraic expressions, logic circuits, etc. can be seen in the context of magic squares and related theories. On the other hand, for applications like information hiding, arithmetic properties of magic squares could be used.

At the end of the paper we discuss some ideas on magic cubes (Ref. 4,5,6) and 3-dimensional Karnaugh maps.

Magic Squares

A magic square of order 
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 is an 
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-matrix such that

· each element is a number of 
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 occurring exactly once,

· the sum of the entries of each row, each column, or any main diagonal

is the same.

Clearly, this sum must be 
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In case that the numbers are 
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 we get 
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Example: A 
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 magic square, designed 1514 by Duerer.

	1
	15
	14
	4

	12
	6
	7
	9

	8
	10
	11
	5

	13
	3
	2
	16


In addition to having the sum 
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 in each row, column and main diagonal Duerer’s magic square shows many additional interesting properties (Ref. 1).

Karnaugh Maps
A Karnaugh map is a 
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-matrix (torus) such that

· its elements are the numbers 
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· any 2 neighbours differ in exactly one bit of their binary representation (#)
Example: A 
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-Karnaugh map

	0000
	0001
	0011
	0010

	0100
	0101
	0111
	0110

	1100
	1101
	1111
	1110

	1000
	1001
	1011
	1010


(*)

To show what is meant with neighbours and torus in the above definition, the four neighbours of the 0000 field are shaded.

The Transformation

By building the complement of each element with odd parity in (*), i.e. subtracting the elements from 
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	0000
	1110
	0011
	1101

	1011
	0101
	1000
	0110

	1100
	0010
	1111
	0001

	0111
	1001
	0100
	1010


(Note that in a Karnaugh map only one element of any pair of direct neighbours can be involved. Furthermore, this complementing procedure is bijective.)

we get the following magic square:

	0
	14
	3
	13

	11
	5
	8
	6

	12
	2
	15
	1

	7
	9
	4
	10


By exchanging rows 3 and 4, then columns 3 and 4, we get:

	0
	14
	13
	3

	11
	5
	6
	8

	7
	9
	10
	4

	12
	2
	1
	15


(**)

By adding 1 to each element we achieve the above shown magic square of Duerer.

The Theorem

Theorem:
Each Karnaugh map can be transformed into a magic square.

Proof:
For a magic square with elements 
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. Now let K be a Karnaugh map with 
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 elements. Then all elements of a row have 
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 bits in common (see Ref. 3, Theorem 3.1). The other 
[image: image18.wmf]n

 bits run through all possible states (i.e. 
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-combinations). Let us call the ‘fixed’ bits 
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. By building the complement of every element in a row, which has odd parity, each bit 
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 will have the state 0 exactly 
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                (In the following, if changed in all places, even instead odd will work as well.)
                The other 
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 times it will be 1. When complementing every element of the whole map, which has odd parity, all pairs of the complemented elements have an even (Karnaugh-) distance. Since complementing does not change parity, the parity of 
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 will be the same after complementing. We conclude that in our row (after building the complement of half of the elements) the bits 
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 possible states as well. (Note that our complementing procedure is bijective on all subsets of bits 
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.) Thus each of the bits 
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 times in state 1 and also 
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Hence, after complementing every element, which has odd parity, the sum of any row will be:
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The same is true for columns.

Let us now look at the diagonals. Each diagonal has exactly one element in each row and one element in each column. Now it can be shown (see Ref. 3, Theorem 3.1 and Chapter 8) that the bits of the elements of one diagonal can be divided into two groups 
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 which independently run through all 
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 possible states.

When complementing every odd parity element of the Karnaugh map all elements of one diagonal will be complemented while all elements of the other one will be not. Thus the above consideration concerning the bit groups 
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 holds for both diagonals: Each of the bits in any one of the diagonals will be 
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 times in state 0. Hence, the sum of each diagonal is 
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Finally, we have to show that all numbers from 
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 to 
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 are elements of the matrix after carrying out the complementing step. Similar to our above considerations we conclude, as all elements of odd parity are complemented, that all numbers from 
[image: image43.wmf]0

 to 
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 are elements of the Karnaugh map.
ٱ

On the other hand, we cannot transform directly each magic square into a Karnaugh map by the above described ‘complement’ procedure. E.g., the magic square (**) will be transformed into

	0000
	0001
	0010
	0011

	0100
	0101
	0110
	0111

	1000
	1001
	1010
	1011

	1100
	1101
	1110
	1111


which is not a Karnaugh map.

Of course, by exchanging rows 3 and 4, then columns 3 and 4, we get (*) again.

Corollary: 

A 
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-matrix (torus) such that

· its elements are the numbers 
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· any 2 neighbours differ in exactly 
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 bits in their binary representation
is a magic square.
So far we have seen that the structures of magic squares and Karnaugh maps are closely related. Now we will discuss some first ideas on magic cubes and 3-dimensional Karnaugh maps.

Magic Cubes

Magic cubes are the 3-dimensional extensions of magic squares. The sum of each row (all 3 directions) and each space diagonal is the same. For cubes of order 
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 the ‘magic‘ constant is 
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A magic cube is called perfect if the sum of each 2-dimensional diagonal is also 
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Karnaugh Maps of higher order

The definition of a 3-dimensional Karnaugh map is straightforward. Note, that each element now has 6 direct neighbours, which have to fulfil property (#).

Example: Given the 3-dimensional Karnaugh map

	000 000
	000 001
	000 011
	000 010

	001 000
	001 001
	001 011
	001 010

	011 000
	011 001
	011 011
	011 010

	010 000
	010 001
	010 011
	010 010


	100 000
	100 001
	100 011
	100 010

	101 000
	101 001
	101 011
	101 010

	111 000
	111 001
	111 011
	111 010

	110 000
	110 001
	110 011
	110 010


	100 100
	100 101
	100 111
	100 110

	101 100
	101 101
	101 111
	101 110

	111 100
	111 101
	111 111
	111 110

	110 100
	110 101
	110 111
	110 110


	000 100
	000 101
	000 111
	000 110

	001 100
	001 101
	001 111
	001 110

	011 100
	011 101
	011 111
	011 110

	010 100
	010 101
	010 111
	010 110


we get the following magic cube by our ‘complement’ procedure:

	0
	62
	3
	61

	55
	9
	52
	10

	24
	38
	27
	37

	47
	17
	44
	18


	31
	33
	28
	34

	40
	22
	43
	21

	7
	57
	4
	58

	48
	14
	51
	13


	36
	26
	39
	25

	19
	45
	16
	46

	60
	2
	63
	1

	11
	53
	8
	54


	59
	5
	56
	6

	12
	50
	15
	49

	35
	29
	32
	30

	20
	42
	23
	41


The sum of each row (all 3 directions) is 
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. So are the sums of the 4 space diagonals. Renumbering the elements starting with 
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, the sum will be 
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. The sums of the diagonals of the 2-dimensional Karnaugh maps are (54, 198), (70, 182), (78, 174), (110, 142), (120, 132) or (124, 128). Thus, the magic cube is not perfect (what we expected because all magic cubes of order 4 are not perfect, see Ref. 4).

The perfect magic cubes of order 7, 8, 9 and 11 have been found between 1866 and 1905.

Cubes of order 5, 6 and 10  have been found in the last years. 

Our method of ‘complementing’ Karnaugh maps may help to prove theorems on perfect cubes of higher order.  
Assumption: All magic cubes derived from 3-dimensional Karnaugh maps are not perfect.

Our interest is mainly to improve applications in computer science by means of a theory on information transformations. Especially mobile and security aspects are central for our research. 
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